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C2 - Restricted

I Mutual information

Principle
@ Estimation of the relationship between two variables (X,Y) by estimating their dependency

@ Amount of information (bits) the observation of a variable X gives about another variable Y

Usage

4 Blind source separation

# Feature selection

@ Information bottleneck problem

@ Causality detection

Formulation

ap . . .- . . . .
®I(X,Y) = foy log (Wéﬁm) dPyy where Pyy is the joint probability distribution of (X,Y), Py and P, the marginals
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I Mutual information

Reformulations and limitations

_ d]PXY _ _ d[PY|X
*IXY) = fxx'y log (m) dPyy = KL(Pxy||Px®Py) = fxx'y log( APy )d]PXY

¢ Estimating Ml requires knowledge or estimation of joint distributions, marginals, conditionals and/or density ratios

@ Estimating such quantities in high dimensional or large sample size settings is generally not tractable

® Approximate inference, and especially variational inference enables to estimate such quantities with tractable
approximate distributions

e
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I Untracable integral? Go variational !

ForI(X,Y) = fxxy log (dfﬂ’%‘/") dPyy we introduce a variational family of posterior distributions Qyx

1(X,Y)

= oo ) e
- fxxy log <—dfé§j§glx) dPyy
Ll e
= fxxy log (dfﬂﬁlx) dPyy + fxxy log (Zg:i) APy xdPy

dQ
_ f 1og< Y”‘) dPyy + Ep KL(Pyx Il Qyix)
XxXY

dP,

d@nx)
= log (— dP
-]‘XXy dPY x
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C2 - Restricted

I Variational inference objective

d
I(X,Y) = maxf log (M> dPyy
XxY

Y|X

The idea is to discribe a family of tractable Qy|X and maximize on it.

Energy-based variational family consists in dQyx = %eT(X'Y) where T is a deterministic function and Z(X) = Ep, [eT*"]

d[P’yeT(X'Y)
I(X,Y) = 1 ———— | dPyy = Ep, T(X,Y) — log(Z(X P
o zm| og( T )d o= max B, TN = | log(z00) aPy
and
f log(Z(X)) dPxy = f log(Z(X)) dPy < logj Z(X)dPx = log Ep,gp, eTXY)
xXXY x x
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I We have a consistent variational lower bound

1(X,Y) > max Ep,,T(X,Y) —logEp,gp, eT*") = m;axl(T)

We remark that there exists a tigh bound for T* = log&
d(Px®Py)
Hence, using the trick logx < x — 1 we obtain
1(X,Y) = I(T)

- IE]PXYT*(X’ Y) —log ]E]PX®]PY el xr) — ]E]PXYT(X' Y) +log ]E[P’X®[P’y eTXY)

dP
= IEH:DXY [T*(X, Y) — T(X, Y)] - log ]E[PX®[PY WQ}KPM + log ]E[P)X®]Py eT(X,Y)

= Ep,, [T*(X,Y) — T(X,V)] + log Ep,gp, e7*"
< Ep, [T*(X,Y) —T(X, V)] + Ep,gp, [eT*P) — T 1]

Using universal approximation theorem, we have that vn > 0 we have a bound neural network Ty < M such that

[1X,Y) = [(Tp)| < Ep,, IT*(X,Y) — To(X,Y)| + Ep,gp,|eT6*") — T XV <p

£\
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C2 - Restricted

I We have a strongly consistent variational lower bound

It can be shown using uniform law of large number that the estimator in limited data is strongly consistent, i.e. vn > 0,3N € N
suchthatvn > N

1L(X,Y) = 1(X,Y)| <n

where I,(X,Y) = max EpmT(X,Y) —1ogEpam o pm eT&EY) with Pﬁ{,‘,) the empirical distribution over n data point
XY X Y
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Some code

class MINE(nn. Module):
def __init_ (self, in_dim=2, h_dims=[&4]):
superl).__init_ ()
self.T = nn. ModuleList([nn.Linear{in_dim, h_dims[@]), nn.ReLU()])
for 1, h in enumeratelh_dims[1:]):
self. T.appendinn. Linear(h_dims[i-1], h))
self. T.appendinn. RelLU( )
self. 7. append(nn. Linear(h_dims[-11, 1))

def forward(self, X):
output = copy. copylX)
for n in self. T:
output = nioutput)
return output

def init_weightsiself):
for n in self.T:
if typeln) == nn.Linear or typain] == nn.Convld or typein) == nn.Conva2d:
tarch. nn. 1nit. xavier_uniform_(n. weight)
n. bias. data. fill_(0. Q)

def mutuzal_information(self, XY _jeint, XY_marginal):
T = self. forward(X¥_joint)
exp_T = torch. exp(self. forward( XY_marginal))
mi = T.meanl) - torch.logiexp_T.meani))
return mi, T, exp T

def debiased learninglself, optimizer, XY_joint, XY_marginal, ma_alpha, ma_previous):
optimizer. zero_gradi)
_y T, exp_T = mine. mutual_information(XY_jeoint, XY_marginal)
ma_exp T = ma_alpha * exp T.mean() + (1 - ma_alphal * ma_previcus
loss = - T.meanl) + exp T.mean().muli{l/ma_exp_T.detachi))
Loss. backward( )
optimizer. stepl)

return ma_exp_T
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I Why debiased learning?

Ep, e, Ty (X, ¥)e a0V
Te(X,Y)

Vol(Tg) = Ep,, VoTo(X,Y) —

Px®Py €

Hence, for one batch, the estimate = 7, eTéXiYD of Ep gp eT0*") is batch-biased. They propose to accumulate information
n
about the estimate over several batches with estimate memory and exponential moving average.
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Some experiment

We generate different samples of
bivariate gaussian  variables, with
different correlations.

We estimate MI for each correlation and
observe that the estimations are almost
perfect.
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correlations = np.arangel-0.9, 1, 0.1)

ma_alpha = 0.81
all_estimated, all_mis = [], []

for correlation in correlations:
ma_previous = 1.

mine = MINME().toldevice)
mine. init_weights( )

optimizer = optim. Adamimine. parameters())

xy_joint = torch.FloatTensor(np. random. multivariate_normal{mean=[0, 8],

cov=[[1, carrelation], [correlation, 1]1,
size = 10080)).toldevice)

xy_marginal = copy.despcopyixy_joint]

mis = []

for epoch in range(5000):
optimizer. zero_grad( )

index = np.arangelxy_joint. shape[d])

np. random. shuf flel index)
xy_joint = xy_joint[index]

index = np.arangelxy_marginal. shapa[o])

np. random. shuf flel index)

xy_marginall[:, I_ﬂ] = xy_marginal[index, ©]

np. random. shuf F'.I..IEI: index)

xy_marginall:, 1] = xy_marginal[index, 1]

ma_previous = mine. debiased learning(optimizer, xy_joint, xy_marginal, ma_salpha, ma_previous)

mi, T, exp_T = mine.mutual_information|xy_joint, xy_marginal)

if epoch = 2000:
mis. appendimi. item())

all_estimated. appendinp. meanimis) )
all_mis. append(-0. 5*np. logl 1-correlation®**2) . item())

printinp. round({correlation, 1},

-8, 5%np. Log(l-correlation®**2) . item| ), np.meanimis))
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Some experiment
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[N

An observed 3D-signal (X,Y, Z) is the linear combination of a 3D source signal (S%,5Y,5%): [X,Y,Z] = A[S¥,SY,5%]

The objective is to find back the sources. We propose to use the MINE to learn the matrix A=* = W that transforms [X,Y, Z] in
independent sources, i.e. the W that minimizes the mutual information between variables W|[X,Y, Z].

Observations {mixed signal)

T T T T T
0 250 500 =0 1000 1250 1500 1750 2000

0 50 500 750 1000 1250 1500 1750 2000

o
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In [23]:

In [24]:

mine = MINE(Z2, h_dims=[c4, &4, 64]).toldevice)
mine. init_weightsi ]
optimizer_mine = optim. Adamimine. parameters(])

ica = nn.Linear(3, 2).toldevice)
optimizer_ica = optim. Adamiica. parameters()]

ma_previous = 1.
ma_alpha = 0.01

for epoch in range(100080):
xy_joint = icalX)
index = np.arange(xy_joint. shape[@])
rp. random. shuffle( index)

xy_joint = xy_joint[index]

indices = np.stack([np. arangelxy_joint.shape[@]) for _ in range(xy_joint.shape[1])], 1)
for 1 in rangelxy joint.shape[l]): np. random. shufflelindices[:, 1])

# MI estimation

xy_marginal = xy_jeint[indices, range(3)]

ma_previous = mine. debiased Learningloptimizer_mine, xy_joint, xy_marginal, ma_alpha, ma_previous)

minimization

if epoch % 10 == 0:
optimizer_ica.zero_grad()
xy_joint = LcalX)

index = np.arange(xy_joint. shape[0]]
np. random. shuffle( index)
xy_joint = xy_joint[index]

indices = np.stacki[np. arangelxy_joint.shape[0]) for _ in range(xy_joint. shape[1])], 1)
for 1 in rangelxy_joint. shapel[l]): np. random. shufflelindices[:, i])
# MI estimation

xy_marginal = xy_joint[indices, range(3)]

mi, _, _ = mine.mutual_information{xy_jeint, xy_marginal)
mi. backwardi)

optimizer_ica. stepl)

if epoch % 20 == O:
print{epoch, mi.item()])
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I Result
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Perfect

inference of
independent
components
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Observations (mixed signal)

T T T T T
0 250 500 750 1000 1250 1500 1750 2000

0 250 500 750 1000 1250 1500 1750 2000

Inferred Sources
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THANK YOU

QUESTIONS ?
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