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Principle

Estimation of the relationship between two variables (X, 𝑌) by estimating their dependency

Amount of information (bits) the observation of a variable 𝑋 gives about another variable 𝑌

Usage

Blind source separation

Feature selection

 Information bottleneck problem

Causality detection

Formulation

 𝐼 𝑋, 𝑌 = 𝒳×𝒴׬ log
𝑑ℙ𝑋𝑌

𝑑ℙ𝑋⨂𝑑ℙ𝑌
𝑑ℙ𝑋𝑌 where ℙ𝑋𝑌 is the joint probability distribution of (𝑋, 𝑌), ℙ𝑋 and ℙ𝑌 the marginals
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Reformulations and limitations

 𝐼 𝑋, 𝑌 = 𝒳×𝒴׬ log
𝑑ℙ𝑋𝑌

𝑑ℙ𝑋⨂𝑑ℙ𝑌
𝑑ℙ𝑋𝑌 = 𝐾𝐿(ℙ𝑋𝑌| ℙ𝑋⨂ℙ𝑌 = 𝒳×𝒴׬ log

𝑑ℙ𝑌|𝑋

𝑑ℙ𝑌
𝑑ℙ𝑋𝑌

Estimating MI requires knowledge or estimation of joint distributions, marginals, conditionals and/or density ratios

Estimating such quantities in high dimensional or large sample size settings is generally not tractable

Approximate inference, and especially variational inference enables to estimate such quantities with tractable 

approximate distributions
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For 𝐼 𝑋, 𝑌 = 𝒳×𝒴׬ log
𝑑ℙ𝑌|𝑋

𝑑ℙ𝑌
𝑑ℙ𝑋𝑌 we introduce a variational family of posterior distributions ℚ𝑌|𝑋

𝐼 𝑋, 𝑌

= න
𝒳×𝒴

log
𝑑ℙ𝑌|𝑋

𝑑ℙ𝑌
𝑑ℙ𝑋𝑌

= න
𝒳×𝒴

log
𝑑ℙ𝑌|𝑋𝑑ℚ𝑌|𝑋

𝑑ℚ𝑌|𝑋𝑑ℙ𝑌
𝑑ℙ𝑋𝑌

= න
𝒳×𝒴

log
𝑑ℚ𝑌|𝑋

𝑑ℙ𝑌
𝑑ℙ𝑋𝑌 +න

𝒳×𝒴

log
𝑑ℙ𝑌|𝑋

𝑑ℚ𝑌|𝑋
𝑑ℙ𝑋𝑌

= න
𝒳×𝒴

log
𝑑ℚ𝑌|𝑋

𝑑ℙ𝑌
𝑑ℙ𝑋𝑌 +න

𝒳×𝒴

log
𝑑ℙ𝑌|𝑋

𝑑ℚ𝑌|𝑋
𝑑ℙ𝑌|𝑋𝑑ℙ𝑋

= න
𝒳×𝒴

log
𝑑ℚ𝑌|𝑋

𝑑ℙ𝑌
𝑑ℙ𝑋𝑌 + 𝔼ℙ𝑋𝐾𝐿 ℙ𝑌|𝑋 ∥ ℚ𝑌|𝑋

≥ න
𝒳×𝒴

log
𝑑ℚ𝑌|𝑋

𝑑ℙ𝑌
𝑑ℙ𝑋𝑌

Untracable integral? Go variational !
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𝐼 𝑋, 𝑌 ≥ max
ℚ𝑌|𝑋

න
𝒳×𝒴

log
𝑑ℚ𝑌|𝑋

𝑑ℙ𝑌
𝑑ℙ𝑋𝑌

The idea is to discribe a family of tractable ℚ𝑌|𝑋 and maximize on it.

Energy-based variational family consists in 𝑑ℚ𝑌|𝑋 =
𝑑ℙ𝑌

𝑍 𝑋
𝑒𝑇 𝑋,𝑌 where 𝑇 is a deterministic function and 𝑍 𝑋 = 𝔼ℙ𝑌 𝑒

𝑇 𝑋,𝑌

𝐼 𝑋, 𝑌 ≥ max
𝑇

න
𝒳×𝒴

log
𝑑ℙ𝑌𝑒

𝑇 𝑋,𝑌

𝑍 𝑋 𝑑ℙ𝑌
𝑑ℙ𝑋𝑌 ≥ max

𝑇
𝔼ℙ𝑋𝑌𝑇 𝑋, 𝑌 − න

𝒳×𝒴

log 𝑍 𝑋 𝑑ℙ𝑋𝑌

and

න
𝒳×𝒴

log 𝑍 𝑋 𝑑ℙ𝑋𝑌 = න
𝒳

log 𝑍 𝑋 𝑑ℙ𝑋 ≤ logන
𝒳

𝑍 𝑋 𝑑ℙ𝑋 = log𝔼ℙ𝑋⨂ℙ𝑌 𝑒
𝑇 𝑋,𝑌

Variational inference objective
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𝐼 𝑋, 𝑌 ≥ max
𝑇

𝔼ℙ𝑋𝑌𝑇 𝑋, 𝑌 − log𝔼ℙ𝑋⨂ℙ𝑌 𝑒
𝑇 𝑋,𝑌 ≔ max

𝑇
መ𝐼(𝑇)

We remark that there exists a tigh bound for 𝑇∗ = log
𝑑ℙ𝑋𝑌

𝑑 ℙ𝑋⨂ℙ𝑌

Hence, using the trick log 𝑥 ≤ 𝑥 − 1 we obtain

𝐼 𝑋, 𝑌 − መ𝐼 𝑇

= 𝔼ℙ𝑋𝑌𝑇
∗ 𝑋, 𝑌 − log𝔼ℙ𝑋⨂ℙ𝑌 𝑒

𝑇∗ 𝑋,𝑌 − 𝔼ℙ𝑋𝑌𝑇 𝑋, 𝑌 + log𝔼ℙ𝑋⨂ℙ𝑌 𝑒
𝑇 𝑋,𝑌

= 𝔼ℙ𝑋𝑌 𝑇
∗ 𝑋, 𝑌 − 𝑇 𝑋, 𝑌 − log𝔼ℙ𝑋⨂ℙ𝑌

𝑑ℙ𝑋𝑌
𝑑 ℙ𝑋⨂ℙ𝑌

+ log𝔼ℙ𝑋⨂ℙ𝑌 𝑒
𝑇 𝑋,𝑌

= 𝔼ℙ𝑋𝑌 𝑇
∗ 𝑋, 𝑌 − 𝑇 𝑋, 𝑌 + log𝔼ℙ𝑋⨂ℙ𝑌 𝑒

𝑇 𝑋,𝑌

≤ 𝔼ℙ𝑋𝑌 𝑇
∗ 𝑋, 𝑌 − 𝑇 𝑋, 𝑌 + 𝔼ℙ𝑋⨂ℙ𝑌 𝑒

𝑇 𝑋,𝑌 − 𝑒𝑇
∗ 𝑋,𝑌

Using universal approximation theorem, we have that ∀𝜂 > 0 we have a bound neural network 𝑇𝜃 ≤ 𝑀 such that

𝐼 𝑋, 𝑌 − መ𝐼 𝑇𝜃 ≤ 𝔼ℙ𝑋𝑌 𝑇
∗ 𝑋, 𝑌 − 𝑇𝜃 𝑋, 𝑌 + 𝔼ℙ𝑋⨂ℙ𝑌 𝑒

𝑇𝜃 𝑋,𝑌 − 𝑒𝑇
∗ 𝑋,𝑌 ≤ 𝜂

We have a consistent variational lower bound
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It can be shown using uniform law of large number that the estimator in limited data is strongly consistent, i.e. ∀𝜂 > 0, ∃𝑁 ∈ ℕ
such that ∀𝑛 ≥ 𝑁

𝐼𝑛 𝑋, 𝑌 − 𝐼(𝑋, 𝑌) ≤ 𝜂

where 𝐼𝑛 𝑋, 𝑌 = max
𝑇

𝔼
ℙ𝑋𝑌

𝒏 𝑇 𝑋, 𝑌 − log𝔼
ℙ𝑋

𝒏
⨂ℙ𝑌

𝒏 𝑒𝑇 𝑋,𝑌 with ℙ𝑋𝑌
𝒏

the empirical distribution over 𝑛 data point

We have a strongly consistent variational lower bound

Safran Tech / Confidentiel / Pôle TS&I - Signal and Data Analysis Lab7



Ce document et les informations qu’il contient sont la propriété de Safran. Ils ne doivent pas être copiés ni communiqués à un tiers sans l’autorisation préalable et écrite de Safran.

C2 - Restricted

Some code
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𝛻𝜃 መ𝐼 𝑇𝜃 = 𝔼ℙ𝑋𝑌𝛻𝜃𝑇𝜃 𝑋, 𝑌 −
𝔼ℙ𝑋⨂ℙ𝑌𝑇𝜃 𝑋, 𝑌 𝑒𝑇𝜃 𝑋,𝑌

𝔼ℙ𝑋⨂ℙ𝑌𝑒
𝑇𝜃 𝑋,𝑌

Hence, for one batch, the estimate
1

𝑛
σ𝑖=1
𝑛 𝑒𝑇𝜃 𝑋i,𝑌i of 𝔼ℙ𝑋⨂ℙ𝑌𝑒

𝑇𝜃 𝑋,𝑌 is batch-biased. They propose to accumulate information 

about the estimate over several batches with estimate memory and exponential moving average.

Why debiased learning?
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Some experiment
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We generate different samples of

bivariate gaussian variables, with

different correlations.

We estimate MI for each correlation and

observe that the estimations are almost

perfect.
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Some experiment
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ICA
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An observed 3D-signal (𝑋, 𝑌, 𝑍) is the linear combination of a 3D source signal (𝑆𝑋, 𝑆𝑌, 𝑆𝑍): 𝑋, 𝑌, 𝑍 = 𝐴 𝑆𝑋, 𝑆𝑌, 𝑆𝑍

The objective is to find back the sources. We propose to use the MINE to learn the matrix 𝐴−1 = 𝑊 that transforms 𝑋, 𝑌, 𝑍 in 

independent sources, i.e. the 𝑊 that minimizes the mutual information between variables 𝑊 𝑋,𝑌, 𝑍 .
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ICA
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Result
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Perfect

inference of 

independent

components
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THANK YOU

QUESTIONS ?
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