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Basic scenario

K “arms”

* Arm a = r.v. with distribution v, and mean u,

* v, and U, are unknown

* test the arms by obtaining i.i.d. samples ~ v,, Va

* goal: maximize the sum of rewards (quickly identify a™ = argmax, u,)




Exploration/exploitation dilemma

* K “arms”
* Arm a = r.v. with distribution v, and mean pu,
* v, and u, are unknown
. . *
» goal: maximize the sum of rewards (a* = argmax, p,)

* How? “test” the arms by obtaining i.i.d. samples ~ v,, Va

* At time t we have sampled arms and built estimates ji,; ; = u,, Va

* Dilemma:

 (exploitation) settle for our current estimates and greedily choose what
seems to be the best arm (a; = argmax, fi,,)

 (exploration) keep sampling the “bad” arms to make sure they’re really bad




A simple example

* Arm 1: fixed reward Y; ;= 0.25 2 v; = 6925, 41 = 0.25

Ow.p.0.3
*Arm 2: Y, ={1 W_g. 0.7~ M2= 0.7

 Oracle policy: always pick arm 2 = unbeatable but not implementable

* Greedy policy: choose the arm with highest estimated avg. reward
- with probability 0.3, we choose the bad arm forever! (linear regret)
 (exploration) time 1: arm 1, reward 0.25 2 i; = .25
* (exploration) time 2: arm 2, reward O w.p. 0.3 2> i, =0
* (exploitation) time 3: greedily choose arm 1 2 fi; = .25
* (exploitation) time 3: greedily choose arm 1 =2 [i; = .25
* ... forever and ever...

e What else...?




Applications

e Clinical trials (which drug should the doctor prescribe?)

* Rate control (at which rate r; should the BS transmit to user i to
maximize throughput 7;0;, where 8;=probability of correct reception)

* Advertising (which ad should the banner display to maximize the
revenue?)

... and beyond (restless bandits, not covered here):
e Channel selection in wireless

e Shortest path routing

* Queue control



(formal) goal:

Regret minimization

Rewards have always the same Rewards are distributed according to
distribution, that is unknown our belief, that changes over time
U1, -, Mg Unknown parameters (arm exp. values) U1, -, Ug drawn from a prior distribution: u, ~ m,
Reward arm a: (Ya’t)t ~tid. yla Reward arm a: (Ya,t)t| p ~ttd yha

(Ya’t)t are not i.i.d. since our belief i, is updated as:

° Ya’1 ~ vﬂa’ Ug ~ TTg
Pr(Ya,llﬂa)”a
Pr(Yq 1)

J / r
* Yoo ~vHe, pg~mg =

Regret of algorithm A (choosing arm A; at time t)

Rr(A,p) = E [ Z (u* — YAt,t)

1<t<T

Rr(A) = [ Ry (A, wydr(p)

“Good” algorithm = Optimal algorithm =
sublinear regret for all (unknown) u minimum Bayesian regret given prior 1



Belief update

on the “goodness” of arms
Ya,l Ya,Z Ya,3

. ) H . .
prior T, onarm a’s posterior gy, , posterior gy, v,, posterior gy vy,
avg. reward p, o

Ya3

Prior t,(.) = Pr(u, =.)

Y|ug =)mal.
Posterior gy (.) = Pr(u, =.1Y) = Pr(V]ug =)ma()

Pr(Y)

Main intuition: the way we sample the arms has an impact on
- the reward we collect
- the belief we have about the goodness of the arms (only the sampled arms are observed!)

Bayesian or Frequentist?

You can update your belief in both cases (no one forbids you!) but: subtle difference...

- Bayesian: the belief defines your regret (see next)

- Frequentist: the reward defines the regret, the belief is just a tool to take better decisions




Bayesian model



Remark: an arm “freezes” when it is not played (pb is weakly decoupled).
If not, refer to Restless Multi-Armed Bandit

Bayesian model

Simpler (but important) case:
1w.p. u,

* Reward of arm a is Bernoulli(u,): Pr(Y,|u,) = {O w.p. (1 — )
[ [ a

* Prioron u,: m, = Beta(n,m)

= draw Y = {0,1}

posterior is also Beta (conjugate prior!):
Tqy = Beta(n+Y,m+ (1-7Y))

Goal: max discounted reward = E[);; ,BtYAt’t|be1ief at time t]

Equivalently, solve the following MDP:
* state: belief {(ng, mg)},= {(#1's, #0's,for arm a)},rm o €2 current belief 7y
e action: arm A that you pick

» expected reward (given state and action): ma
nap+tmgy
n
{(nA + 1! mA) U {na, ma}aiA}' w.Dp. nA‘:nA
* state transitions to < na
{(ng, my + DU {ng,mglaea), w.p. 1 - —
ATMA




Index policy

 Solving an MIDP is conceptually easy (“just” solve an LP)
* BUT: curse of dimensionality, the # of states generally explodes!

— look for an index policy I: § — R such that:
e (optimality) playing arm with highest index is optimal
* (decoupling) computing I(x,) is “easy” since it only depends on arm a
Arm1 @ BN /(x.(0)
Am2 @ B 10 (0)
(A3 @ ()

Spoiler: there exists an optimal index policy (see next)



Let’s prove the optimality of Gittins index

Semi-Markov Decision Process

* Each arm a is a semi-Markov process with finite state space 5,

* Arm aisin state x, € 5, and it is played. Then,

* arandom reward R(x,) is received R(x)
* the arm remains “active” over a random time period T'(x,) ; I .
) 2 S oli+1
* after time T'(x,), the arm moves to a random new state x,’ e "
: . T(x)
« At time t; a new play starts and we maximize
E ZRie“ﬁti]
i
* Equivalent “constant-rate” formulation:
E[R(xy)] r(x)

 reward is received at constant rate r(x,) =

* and we maximize: [E[ftr(x(t))e_ﬁtdt] g T(x) *



Gittins index policy

* Remember: we seek for the policy that samples the arms so as to
maximize E[f, r(x(t))e Ftdt]
* Let x* = argmax, r(x). Let a* be the “lucky” arm: x™ € § 4+

- (auxiliary and intuitive) Lemma: 3 an optimal policy the obeys the rule:

If the lucky arm a™ is in state x™, then play it!
Proof by contradiction (see [1])

Theorem: The (Gittins) index policy computed as follows is optimal:

E [ r(t)e Ptat
I(x,) = sup——=2
! >0 E ft=0 e~Ftdt X

| x(0) = x,, T stopping time

Proof: see next and [1] \

Maximum achievable reward rate [rew/sec] from state x,

[1] Tsitsiklis, J. N. (1994). A short proof of the Gittins index theorem. The Annals of Applied Probability, 194-199.
[2] J. C. Gittins, Bandit Processes and Dynamic Allocation Indices, Journal of the Royal Statistical Society (1979)



https://www.jstor.org/stable/2985029

Gittins index policy

sketch of the prOOf [N [1] Tsitsiklis, J. N. (1994). A short proof of the Gittins index theorem. The Annals of Applied Probability, 194-199.

* Prove by induction on the # states N that 3 an optimal index policy
e For N = 1, itis trivially true (just one bandit, always sample it)

* Assume that index policy is optimal for N = M, showitfor N =M + 1

* Reduce arm a” by removing best state x* = argmax,, r(x):
* Assume the arm a™ is in state x, # x”*

* Modify reward #(x,) and dwelling time T (x,) by accounting for the fact that
when arm a” in state x™ = argmax,, 7(x) then we must play it (see before)
« T(x,) = first time at which state of arm a* is different from x, and x*
IEfT(xa)r(t)e_ﬁtdt

* T(xg) =
* E fT(x“) e~Btat

‘/y‘\ T(xq), 7(xq)
Play arm a* ‘ Il:> .

Ty, r(*a)  Sq \{Xq, x7} Sa \ {Xa, X"}




Gittins index policy (cont’d)
sketch of the proof [1]

* After the reduction, state x™ has disappeared from § ;-
* We end up with a MAB with N = M states

* By induction hypothesis, 3 an optimal index policy for M states!
- We proved that

* 3 an optimal index policy
* by construction, the optimal index I (x) is as follows:
e (a)SetI(x*) = r(x*): = max, r(x). Let a* be the corresponding arm
* (b) If set of states ISa*I = 1, then remove arm a*
* (c) Else, reduce arm a” by removing state x™ and go to (a)

* the index of state Xq only depends on arm a (curse of dimensionality is broken!)
Complexity is linear in the # arms: 0(Z,1S4]?)



Gittins index

Further intuitions

E [ r(t)e Ptdt

e I(x,) = sup—==%
“ T.>I(:)) E fy_o e™Ftat :
= highest avg. reward rate (reward/second) achievable from state x,

| x(0) = x4, T stopping time

arm 1: arm a
arm 2: constant reward v
Optimal policy: sample arm a until a stopping time 7, then sample arm 2 forever (easy, by contradiction)
Optimal reward: sup {E f;o r(t)e Ptdt + E f::rv e~ Pt dt)
720 .
P2 Sampling arm 2 forever gives reward: ft=0 ve Btdt

* Further intuition: Imagine you have 2 arms:

P1

*| sup{v: P1 better than P2}| = sup {sup{f;or(t)e‘ﬁtdt + E fto;v e Ptdt}>E ftozoov e ht dt}

1% >0

= sup {sup{f;or(t)e‘[’)tdt >V E f;o e~ Pt dt}}

14 >0
E f;o r(t)e Ptdt
E [ _, e Ftdt

E f;o r(t)e Ptdt S
= Su Su V¢ = SUu
5 P L ftT=o e~hFtat rzg

1%

‘ Gittins index is the maximum fixed reward you are ready to give up on to play an arm



Frequentist model



Frequentist model

* K arms
* Arm a has expected reward u,

* Main differences w.r.t. Bayesian model: # times suboptimal
* Regret must be low w.r.t. any value of {1, },: arm a is sampled
Rqeiol{} R4(T) = ]E[Zz;l(ﬂ* - YAt,t)] = Zq (U — .ua)]E up to time T

* Regret does not depend on the a priori distribution T, on u,
* Tools: MDPs are no longer useful. Plenty of concentration inequalities instead

* Beware: we may still have a prior ;! No one forbids us...



A famous frequentist algorithm:

Upper Confidence Bound (UCB)

* While sampling arms, compute the confidence interval of the
expected reward u,, for all arms a and take its upper bound UCB

* Always choose the arm with the highest UCB
* Intuition: high UCB <-> high expected reward and/or seldom sampled

Ng: = # times arm a is sampled up to time t
: : flq ¢+ = sampled mean of arm a up to time t

I
UCBq

UCB Algorithm:
1. Atroundt =1, ...,K samplearm ¢
2. Atroundt > K

I'T—l * compute UCB, ;1 = flg¢—1 T \/ln t—1/nge—q
UCBg 5 * samplearm A; = argmax,UCB, ;_,

UCB,,




Recall: UCBy; = fig: ++/Int /ng,

Upper Confidence Bound (UCB)

e Recall: Chernoff bound
Pr(‘ﬁa,t — ,ua‘ > 5) < 2¢~2Matb’
*Use § = ,/Int /ng,:
far — Ua| >+/Int /g,  with probability > 1 — 2t 2
(*) * (UCBis an upper bound w.h.p.) UCBg; = g w.p. =1 — 2t~ 2

(%) o (flgr = lg) flar < Hq + 22 with # samples ng ; > (uf lr;t)z wp. =1—2t%
—Ha




Upper Confidence Bound (UCB)

Lemma: If at any time t the suboptimal arm a has been played n, , = G —n)? times,
~Ha

then Pr(4; = a) < 4t~ 2.

4Int

Proof: Show that UCB, ; < UCBg+; w.h.p.:

UCBa,t — ﬁa,t + \/ln t /Tla,t

< g+ (W — pg)/2

< (Ma _I_(u*—ua)) _I_(u*—ua)

2 2

— ‘u*
S UCBa*,t

the more you sampled a suboptimal arm in the past,

4Int
(ﬂ*_ﬂa)z

w.p.>1—2t7?, see (**)

since ng; =

w.p.>1—2t7?, see(*)

> Pr(UCBg; > UCBgy+;) < 4t™2 > Pr(4; = a) < 4t™2



Ng e = #timesarm aissampled up to time t

Upper Confidence Bound (UCB)

...and you end up sampling less and

Lemma: For any SubOptima| arm a ([,la < [.l*), less often each suboptimal arm!
41InT
Eln < + 8
0] < (H*—1g)?

Proof: IE[na t] =1+ EX_41(4;41 = a)

=14+EZ_ 1 (Am a,nge < (ﬂff_“;t)z) +EXT_, 1 (At+1 = a,ng, = (H‘* “;t)z)
< (;i:)z + 2l Pr (At+1 =a,Ng¢ = (#4 lr;t)z) by contradiction
= G+ B Pr (A”l =alnae 2 ﬁ) o ("a't = <Jf-",1§>z>
< (:*:11:)2 + 3l 4t72 by previous slide and Pr < 1
4InT

— (Ur—pg)? +8



Upper Confidence Bound (UCB)

Remark: the regret holds for any values of u! (cfr. Bayesian)

Theorem: The regret of UCB algorithm is bounded by:

. ) A4InT
Rr(UCB) = IIE:[Zt=1(!i — YAt,t)] < Xgza* 7
(‘Lt — HUa

Proof: IE[ZZ=1(.U* — YAt,t)] = Zgzq (W — pg)E [na,T]

. 4InT
< Zgzar (W = ta) ((M*_‘La)z + 8)

4InT "
= Zaxa® G T8 — Ha)



and finally...
How “good” is a frequentist MAB algorithm??

Theorem [2]: For any algorithm A,

Rr(A) Hg — Ug
= z:a:ta*
DKL (Va» Va*)

llmTlnf log T

v . . . .
where Dy, (Vg, V) = [ v, logv—“* measures the “distance” between distributions v, and v+
a

[3] Lai, T.L.; Robbins, H. (1985). "Asymptotically efficient adaptive allocation rules". Advances in Applied
Mathematics. 6 (1): 4-22.
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