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• Examples
→ MIMI 1

↳ Markarian # → PPP lexponenh.at inter-aerial times)
↳ Markovian → Exponential service time

↳ I → One service channel
→ MIKI 1

↳ General independent distribution ( ii. d. service times)
Hereafter we are interested in a • IRIA too /FCFS) queue .



t.Motiration-andmainresvkt.baal :
Existence of fixed points for . HI / 1 queues , i. e. inter-arrival

processes
with the same distribution as the corresponding into- departure process .

• Interest :

Limiting behavior of the distribution of departure processes from a
tandem of

queues .

• - > • → • → •→•→ •

Queues K-1 K K-1

scr
,
k) - service time of cabmen c-Z in queue

KEN

AG
,
kl - inter -arrival times between icsbmersn and ntt

.



• Assumption :

• 1-0=(1-4,0), n tE) is ergodic and independent of (Shak ), at-24k c- IN)
• (SG

,
hi ) are iid iv.

.IE [ 510,01] < b- [ A 10,01] LA
- IPC 510,07 + IECSI 0,0D) 20

- known result 1 toy nest :
For Hit , each of the equilibrium departure processes A

"
-

- A- G.HI
,#

is ergodic of man E CACAO)]



• Questions :

→ Existence : does three ant a man ✗ ergodic into -arrival process such

that the inter- departure process
has the same distribution ?

If yes , we call it an ergodic fixed point d- mean ✗
→ Uniqueness ( if esutoue) of ergodic find point
→ Convergence : assume there is a unique ergodic fixed point of mean ✗ .

If A is ergodic of mean 2
,

does the law of A"
converge weakly

to this

ergo
di fixed part as ksoe ?
If yes,

the fried point is called an attractor



- Known results
• for espenenhial server queues :
Burke : Poisson process

of rate £ is a fixed part for uponenhid server
queues with mean service P22

.

• Ananthwarn : Uniqueness
. Mountford / Prabhakar : attractor

• For •/GIA queues :

Chang : uniqueness
Prabhakar : uniquenest convergence arming

finite mean (and arterial



• Main result of the paper
If the service time 5 has mean p and if / Pls 24¥ oh Cao , then
there is a set 8 closed in Gta) with ifAt ftp.npfuty?=oxs.t.

④ for d- 9
,
there exists a mean a ergodic fired point for the queue

(b) For ✗¢8
,
consider the stationary Cbut not agodid process F of mean 2

obtained as the convex combination of the ergodic fixed points ofmeans d- andI
,

where d-= hp fut 9 , u€✗ } and d-= inffvt I
,
uh} . Gina 9 is

closed
, d- and I c- G and F is a fried part for the queue .) .
If the inter-arrival times of the input prom have a meant

,

then the Cesaro

average of the laws of the first k inter-departure processes converges weakly
to F
Asks

.

Conjecture : 9 = , a) and (b) doesn't matter



i

2. Formalism
"

• The
• 1/1 queue

We define the
napping , a) * : IRF ✗ IR? → IR¥uK+od9

(as ) l→w=Ylqs )
infer-arrivals services"workloadswith

why = Ulla , sllnl

= [sup EH - aciigt
jtn-1 i=j

Note that this implies Hindley 's equation)
Wlnl = @G-1) + sln-1 ) - a G-1)It



4 OI : 1K¥ ✗ IRE → IRE
lay ↳ D= Ella

,
s)

← inter -departureswith dlnj-OICa.HN = [acni-scns-YCa.sk#tsGt1 )
let L :$

,
? → (RF denote the translation shift : Lunt = ruth

.

Then D= [ a- s - Klaas# + Is

When Wt RF
, dlnkalnltuwlm.IT -wlnltslnttl - sent

Papi. V-qbc-IRE.V-sc-IRE.atb-sllla.si?4lb,sy0ICa,s1E0Ilb,s)
"

Increasing inter -aerial times increases inter- departure times and decreases
workloads

"



- The stationary queue
consider a measurable and P-stationary shift 0:r→r . Consider the

processes A :r→R¥ and S : 1M¥ that are assured compatible with 0
tarot have a finite and positive meal .

☒ Set W= ULA
,
s ) and D= TQ-A.SI .

This model is a stahanayqae . If 0 is ergodic, #the model is an ergodic queue .
When 5 is iid and non constant

,

it is an ii.d. queue .

Keynes ) : cstnbbl
• When 0 is ergodic, on the event Elliot] LEIA lot]

,
WERE and ELDAD =bTA↳D

- 7
,
Woo? and DGI.sk#katq,

- =
, anything can happen Cortical)



Let & be the law of 5
.

Define Er : Mss ARE 1 → Ms AAH
,

µ → Erlpl
where Elp ) is the law of OIA

,
s) where Anpr , Snr and AIS .

The
map Er is called the qcneingmap .

A distribution
µ such that OIH.pl =p is called

a fixed point for the
queue .

Keynes) : fast , Er : rick? I → METRE)
,
where p is the mean

tap , Er : NEAR¥) →Er} seria time



• stable ii.d. queues in tandem
let § G. H int 24 KHN} be iid Rt - valued i.v1 with Elsa

,
017=p d-RF .

Assume IPC shoot B) 21 .

For KEN ,
define s

"
:S→ ME by 4=84 , KD,ez .

let r be the

distribution off Sh
.

Consider A°= (AG
,
Obata : I→ ME and assume

A-
•
is stationary , independent of S

"
for all h and satisfies lE[A cool]= ✗ EIRE

.

Let O be a P- stationary shift s.t.lt and Sk th are compatible with 0.
Let I be the corresponding invariant r-algebra .

We assume BLIEEAaeons] as.
STABILITY



Define for all k HN

wk = Wahl late = 41A " , SH

Aktt = (AG
,
let111
,ez
= (A "

,
S
")

Ak inter -arid
}passes at nqivevek -

S" service

W
" workload

Akt 1- : inter . departure process at peak and inter-arrival
process atqaektt .

The sequence A-
"
% u a Markov chain

. µ is a stationary distribution of AY iffp is a
fixed point offer the open .

Does HY admit nontrivial stationary distribution ?



3. The results
• Uniqueness affixed point (from existing literature)

let 4 ARE ✗HF) be the set of random processes 4×61,7411←¢ stationary inn .
Consider µ , v in Asari?) and let 0C µ, v1= { Grill tdslk.HR?)Hyv.Ymf
We consider the distance ftp.vt-inf

kid c-XµyÉ[Hot
- Yay]

.

Tha : Consider a stationary queue as defined in☒ with service process 5 and him

into-arrival processes A and B Cmh possibly different mean) . Assume AIS and Bits
.

Then q-CITA.SI , ECB, SD te LA .B) .
In the iid service case : L



Tha : Consider a stable i. i.d. tandem model with interannal
processes A.

and B °

§!%fhahh different 1am bit such that ECAC0,0117 = IECBLO,0111] as .

Recall Amit -- ITA?8)
,

BAE ECA
,5)•Then , there exshkttnbs.hr

.

p-CAYBkkq-tt.BY .

If B1 OICB?5) NBI then I;m*pYA!B%0 and A'⇒ Bo
.

Let ME"4R+4= { p trillREI I ✗np-skz.tn?Ei-XH--aaas .}
her :p Consider an ii.d. queue .

The corresponding queueing map Er has almost
one fixed point in MP? CIRI) for 2 > IECSCOD

2) Consider on iid queue and 2) Esco] .
If 3 C-METRE) is a

fixed point, then it is necessarily ergodiclie . } trick#-))
.



e

• Existence of fixed point
Them than result) : loander a

queue
with an i. i.d. service process

5 satisfying
-

EGCoD C-Bit
,

IP↳HEEBADI 4- and ftp.scoizig?decoo
.

Then there ensh an ergodic inter-arrival process A- with AHS andEchoDCEAOD
Ex

such that the corresponding interelepartie process
D has the same dishWhim as A

.



- Idea of proof
1) Consider Cesare avenges of

the tans d-At
.

→ Consider the quadruple 4th , S",WYAktt) denote its law by die
.

For nt IN•
,

define pin = 1, §? on
→ the sequence cpah is tight .
→ let µ be a wbsepartial limit ofpan .

Consider #I,Ñ
,
8) up .

→ By the continuous mapping theorem and properties d-Cesaro avenges , we show
In Ñ

2) Show that Ñ=oIlA?s^ ) using Birkhoff's ergodic theorem

3) Find conditions ensuring this fixed point is not the Kirat fixed panhr.
↳ Uses the i. id

. assumption



• Valves of the means for which a fixed point exists
consider a tandem of stable ii.d. goes , let ⇐ be the corresponding qeoeiyopakr
Assume 8*+186407241 oh < oo .

Define Y = { a-CP ,+Http c-MICKEY, Ergo =p}
• From previous than : 8--10
• Conjecture : Y =D , too)
• Actual result : Y is unbounded and dosed in cp.ae) .



For ✗ C- Y
,
denote by 3in the unique ergodic fixed point of mend/ Aa an ihherarinl process distributed as Ex

Prof : Consider an ergodic unter-annal process A°
of mean ✗

.

1) If LEY
: g- (A

"
, Axl
→ o

and A
"
→ As

ksoo

21 If 24-9
,
then In É=jLA it → PHAN + 4- -photo) where

d- = op {ve 9 , v43 , I = Effort 9, uh}
and p= £¥±



THANK YOU FOR

LISTENING !


